2.

Trigonometry 2

Solve sin@ cscg — cotg =3 (1 -2 sin%) for —360° <6 < 360°.

‘]
) 6 6 ) sing  coss . 0
51n9csc——cot—=3(1—251n—)=> T — §=3(1—251n—)

2 2 2 sinZ sing 2

) 6 .6 .0 .0 6 0 .0 .6
=>sm9—cos—=351n—(1—251n—)=>2$1n—cos——cos—=351n—(1—251n—)
2 2 2 2 2 2 2 2
6 .0 .0 .0 .0 6 .0
=>cos—(ZSln——1)+351n—(251n——1)=O=>(351n—+cos—)(251n——1)=0
2 2 2 2 2 2 2
.6 6 .0 0 1 . 6 1
= 3sin—-+4+cos—==0 or 2sin—-——1=0=tan—-=—=-orsin - =-
2 2 2 2 3 2 2

For tang = —% , 6 =360°n—2(18.434948822922) , where n is an integer.
Since —360° < 6 < 360°, 6 = —36.869897645844° or 323.130102354156°
For sin g = %, 0 =720°n+ 60°0or 8 = 720°n + 300° , where n is an integer.
Since —360° < 0 < 360° 6 = 60° or 300°.
8 = —-36.869897645844°,60° , 300°, 323.130102354156°

Show that for all values of 0,

(a) cos 8 + cos (9 +§n) + cos (0 +§Tl’) =0

(b)sin? 8 + sin? (9 + En) + sin? (0 + %n) =%

(c) cos® 8 + cos? (9 + %n) + cos3 (0 + %n) = %cos 36.

4 2 2 \_(g+2
(a) cos 8 + cos (9 + En) + cos (0 + %n) = cos 0 — 2 cos (9+3H)Z(6+3n) cos (0+37)(0+37)

2

=cos€—2€05(9+2n)cos%=cos€+20059 G)=O

(b) sin? 6 + sin? (9 + gn) + sin? (6 + gﬂ)

=§[1—c0529]+%[1—c052(6+§n)]+§[1—c052(9+§n)]
=3 _21cos26 +cos (20 +2m) + cos (20 +3n

2 2 3 3
=§—%[c0529+cos(29+§n)+cos(29+§n—2n)]
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cos 20 +cos (20 + 27) + cos (26 + 2x)| =2 - [0] , by (a), replace 6 by 26
3 3 2

(c) Consider:

4 [cos3 0 + cos?® (9 + én) + cos?® (9 + %n)] , and using (a)
=4 [cos3 0 + cos? (9 + én) + cos? (0 + %n)] -3 [cos 0 + cos (9 +§n) + cos (9 + gn)]

= [4cos® 6 — 3cos 0] + [40053 (9 + %n) — 3cos (9 + %n)] + [40053 (9 + %n) — 3cos (9 + gn)]

cos 360 + cos 3(9 +§n) + cosS(B +§n)

cos 30 + cos (30 + 2m) + cos (36 + 2m)
= cos 30 + cos 30 + cos 360
= 3cos 360

Hence, cos3 6 + cos? (9 + En) + cos? (0 + i71) =3cos 36
3 3 4

1 2(sin3 x—cos3 x cos 2x
3. Prove -— = X )

sec2x ~ sinx4cosx (sinx+cosx)? *

2(sinx—cos x)(sin? x+sin x cos x+cos? x) coS2x

RH.S. =

sinx+cosx (sinx+cosx)?2

2(sin x+cos x)(sin x—cos x)(1+sin x cos x) CcoS 2x

(sinx+cos x)?2 (sinx+cos x)2

2(sin? x—cos? x)(1+sinx cosx) cos 2x

(sinx+cos x)? (sinx+cos x)?

—2cos2x(1+sinx cosx) CcOoS 2x

(sinx+cos x)2 (sinx+cos x)?

= 92 _12(1 +sinxcosx) — 1]

(sin x+cos x)2

— COS2Xx .
= m[l + ZSIDXCOSX]

—CO0S 2x . 2
= m (smx + cos X)

= —CcoSs2x
= L.H.S.

9+t2
1+2t+t2°

5+4cosf
1+sin8 ’

4. Giventhat y =

N 6
Use the substitution t = tan > ,show that y =



: 9
Hence, or otherwise, prove that y > m

sing
0 0 0 2 sin9 c059 2 %9 2t
. ) = = cos>
Let t =tan=-, sinf =2sin-cos-=—73—3;=—F7%=
2 2 2 sin?2Z+cos?Z  sinZz 1+¢2
2 2 Z+1
cos?3
sinzg
6 . .8 -
28 . 56 coszg—sng cos2? 12
cos B = cos“ = —sin“ - = — = —g =
2 2 sin?Z+cos?Z  sin?3 1+t
2 2 241
cos22

1-t2
__ 5+4cosf 5+4(—1+t2) _ 5(1+t2)+4(1-t2)  9+t?

B 1+62+42¢ TTTI i y(1+2t+1t2) =9 +t?

1+sin 6 1+—=2
-Dt>?+2y)t+y—-9=0

Since t isreal, A= (2y)? —4(y—-1)(y—-9)=20=y > 110

Sketch a graph y = cos 28 intherange 0 < 6 < m. Hence, find the set of values of 6,
where 0 < 6 < m, satisfying the inequality 4sin?6 > 2 —+/3.

4sin?0 >2 -3 =2(1—-cos20) >2—+/3

=>1—c052492%§=>c05249gl—%§

= cos 20 < AE :

2 0.5
For the equation, cos26 = \/2—5 T

1__

We get 29=E,11—” and =£,11—”

6° 6 12° 12
By drawing the horizontal line y = \/2—5, we get the solution for cos20 < \/2—5
and hence 4sin?6 >2—+/3 s %SB S%.

Solve sin280 — 2sin® =1 for 6 = 0° to 360°.

sin20 —2sinf =1 = 2sinfcosf — 2sinf =1

1-t2
cosfO =
1+¢2’ 1+t2

6 .
Put t = tan; then sin@ =




_+2
2 (25 (55) -2 -
4t(1 —t?) —4t(1 +t?) = (1 + t2)?
(1+t)2+4t(1+t)—-4t(1—-t*>) =0
t*+8t3+2t2+1=0
Use numerical method such as Newton’s method to solve for the real roots:
t = —7.73943 or — 0.621711

tang ~ —7.73943 or — 0.621711
0 ~ 194.72° or 296.26°

7. If f(r) = cos2r6,simplify f(r)— f(r — 1). Use your result to find the sum of the first n terms
of the series sin360 +sin56 +sin76 + --

2ro0+2(r-1)6 . 2r6-2(r-1)6
( ) sin 2( )

f(r)—f(r—1)=cos2rf —cos2(r—1)0 = —%sin
= —%sin(Zr —1)6sinb
nLIF() = fr— 1] = —5sin 6 B, sin(2r — 1)8
fm)—f1) = —%sin@ [sin30 + sin58 +sin7 0 + -+- + sin(2n — 1)6]
cos 2nf — cos 26 = — %sin 0 [sin30 + sin50 +sin7 0 + -+ + sin(2n — 1)6]

sin36 + sin50 +sin78 + - + sin(2n — 1)8 = 2 (w)

sin @

Sum of the first n terms of the series sin30 + sin50 +sin76 + ---

= sin360 +sin560 +sin760 + ---+sin(2n — 1)0 + sin(2n + 1)6 = 2 [COSZB_COSZ(nHw]

sin @

8. Solve the equation cos™12x + sin™1x = g :

— - T _ - 1
cos[cos™12x + sin"1x] = cos 7 = cos[cos 12x + sin™1x] = E

cos(cos™12x)cos(sintx) — sin(cos™12x)sin(sin"x) = %

By drawing right angled triangles, we have

0)(VT=x2) - (VI—42?)(x) = - = 4aVT— 2 — 2xVT— 4xZ = 1...(1)
[42V1 — %2 — 2xV1 — 4x2][4xV1 — %2 + 2xV1 — 4x2] = 4xV1 — x2 + 2xV1 — 4x2




16x%(1 — x2) — 4x2(1 — 4x?) = 4xV1 — x% + 2xV1 — 4x2
Therefore 4xvV1 — x2 + 2xV1 — 4x2 = 12x2 ...(2)
(D +(2),8xV1 —x2 =12x? + 1
Squaring, 64x%(1 —x?) = 144x* +24x? + 1
208x* —40x%>+1 =0,

: 5+2v3 : .
Solving, x?% = +52\/— , using only the positive root.

54243
X =
\l 52

2sin40—sin 60—sin 26
Prove that — : —— = tan? @.
2sin460+sin66+sin 26

Hence, find the value of tan? 15° , leaving your answer in surd form.

52}

60+260 60—2
)COS(

2sin46-sin66—sin26 _ 2sin46-2 sin( 2 ) __ 2sin46-2sin460cos26 _ 1—cos26 __ 2sin? 6

= = = = = tan? 60
2sin40+sin66+sin20  2gin46+2 Sin(66;—26)cos(69;26) 2sin40+2sin46cos20  1+cos26  2cos2@
V3 1
tan? 15° — 2Sin60°=sin90°=sin30° _ 2(7)‘1‘(5) _ 2v3-2-1_ 23-3 _ (2v3-3)°
2'sin 60°+sin 90°+sin 30° 2(£)+1+(1) 2v3+2+1  2v3+3  (2v3+3)(2V3-3)
2 2
12-12V3+9 _ 21-12v3
= = =7-4v3
3 3 V3
Yue Kwok Choy
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